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I. INTRODUCTION
Confinement of valence electrons in metallic films, as thin as a few electron Fermi wavelengths, results in discrete quantum well states ͑QWSs͒, which are the origin of quantum size effects in the properties of the system. In metallic overlayers adsorbed on metals or semiconductors the confinement is due to the vacuum barrier and the reflecting barrier at the interface caused by the energy gap in the substrate band structure projected onto the plane parallel to the interface. In the absence of a confining energy gap, another type of states of resonant character extending over the whole system, called quantum well resonances ͑QWRs͒, can exist.
Among various systems, the growth of Pb on Si͑111͒ and Cu͑111͒ has attracted much interest. Since the pioneer studies by Toennies and co-workers with He atom scattering, 1, 2 different experimental techniques such as scanning tunneling microscopy 3, 4 or surface x-ray diffraction have been used to probe the most stable heights of Pb islands on Cu͑111͒ and Si͑111͒ ͑Ref. 5͒ substrates. In favorable conditions, the islands cover wide areas forming overlayers of "magic" heights. The overlayer thickness can be crucial for the properties of the system, as for example the superconducting transition temperature. [6] [7] [8] [9] [10] The existence of magic heights with bilayer periodicity and the corresponding oscillations in the energetics of the overlayers as a function of the coverage have been studied theoretically using different approaches. Within density functional theory ͑DFT͒, first-principles 11 and jellium model 12 calculations for freestanding Pb films have been reported. In this context, a one-dimensional ͑1D͒ pseudopotential for the entire overlayer-substrate systems has been used to calculate the electronic structure of Pb/ Cu͑111͒ with different thicknesses of the Pb overlayer. This model has described well the electron confinement in the overlayers 13, 14 and has given fairly good account of the experimental measurements of magic height distributions. 3 Angle-resolved photoemission has been used to probe Pb thin films grown on different substrates. [15] [16] [17] In the photoemission spectra there are peaks which are considered as QWSs but appearing out of the projected gap of Cu͑111͒. This confinement in the absence of a band gap has also been pointed out in other quantum well systems such as Al/ Si͑111͒, Pb/Si͑111͒, and Na/Al͑111͒. [18] [19] [20] Most theoretical studies have focused on the electronic structure of these systems 21, 22 and less attention has been paid to the study of the electronic excitations. Electronic excitations in metal surfaces play an important role in many chemical and physical phenomena. 23 They are characterized by their lifetime, which sets the duration of the excitation and, when combined with the group velocity, determines the mean free path, i.e., spatial range of the excitation. It was shown that on clean metal surfaces the decay of excited electrons and holes is closely related to dimensionality of the system, i.e., intraband transitions within the surface state band itself are mostly responsible for the final lifetime of the excited quasiparticle. 24, 25 Even for a QWS in a 1 monolayer ͑ML͒ Na/Cu͑111͒ the intraband transitions are crucial for the description of the hole decay in this state. 26 Recently, Kirchmann and Bovensiepen 27 used time-resolved two-photon photoemission technique, which allows the direct monitoring of the decay of excited electrons in the time domain, 28, 29 to investigate the dynamics of QWSs in the Pb/Si͑111͒ system as a function of the Pb thickness. They concluded that the intersubband decay in low-dimensional metallic systems is very important in order to interpret correctly experimental results. They also suggested the Pb/Cu͑111͒ system as a possible candidate to compare the decay of QWSs in Pb overlayers on different substrates. Hence theoretical study of the dynamics of the Pb/Cu͑111͒ system would be very helpful for the understanding of future experiments on Pb overlayers.
Here we present the calculations of the lifetimes of excited electrons and holes in Pb overlayers on Cu͑111͒ for different coverages. The electronic structure of the entire Pb/ Cu͑111͒ system is computed by using a 1D pseudopotential for the substrate-overlayer system, detailed elsewhere. 13, 14 The contributions to the lifetime broadening are calculated using two approaches. The inelastic electron-electron ͑e-e͒ or many-body contribution to the lifetime broadening of both occupied and unoccupied quantum well states is evaluated using the GW approximation, 30 whereas the elastic ͑one-electron energy-conserving transfer through the Pb/Cu interface͒ contribution is calculated within the wave packet propagation ͑WPP͒ method. We leave for future studies and so do not address here the excited state decay via electron ͑hole͒-phonon scattering as well as possible band folding effect because of the lattice mismatch between adsorbate and substrate. 31 The paper is organized as follows. In Sec. II A we describe briefly the 1D model used to compute the electronic structure of the overlayer Pb/Cu͑111͒ system. In Sec. II B, the many-body GW method is presented and in Sec. II C, the WPP one-electron method is outlined. In Sec. III, we present the obtained results and discussion. First, we develop some analytical expressions which are used in Secs. III A-III C dedicated to the lifetimes of QWSs and QWRs. Finally, in Sec. IV, the conclusions of the work are given. Unless stated otherwise, atomic units ͑a.u.͒ ͑i.e., ប = e 2 = m e =1͒ are used throughout the paper.
II. CALCULATION METHODS

A. General description
We have performed self-consistent electronic structure calculations for the Pb/Cu͑111͒ overlayer-substrate system in the DFT framework 32 within a local density approximation ͑LDA͒ 33, 34 and using the 1D model that was described in detail elsewhere. 14 Here we only give a brief description of the model. Basically we consider slabs characterized by translational invariance, i.e., a homogeneous free-electron gas, along the surface ͑xy plane͒. In this picture a singleparticle wave function with two-dimensional ͑2D͒ wave vector k ʈ parallel to the slab surface and quantum number j is represented in the form
where j ͑z͒ is the wave function in the direction perpendicular to the surface. The corresponding one-electron energies are then given by paraboloidal subbands,
where E j is the eigenvalue of the jth perpendicular state j ͑z͒, corresponding to the minimum of the jth subband. The corrugation effects along the surface are reflected in effective masses m j Ã which can be included following Ref. 26 . However, in the present work, we use m j Ã = 1 for all bands. Indeed, the main conclusions and results reported in this paper are robust with respect to the specific choice of the effective mass. Moreover, as far as we know, there are no published effective masses of QWSs for all energies in the Pb/Cu͑111͒ system.
The energies E j and wave functions j ͑z͒ are obtained from the numerical solution of 1D Kohn-Sham equations with an effective or screened potential given by
where the first term on the right-hand side is the Hartree term, V H ͑z͒, which includes the electronic density − ͑z͒ and the neutralizing positive background + ͑z͒. The second term gives the LDA exchange-correlation potential and the third term accounts for the 1D pseudopotential. The overlayersubstrate system pseudopotential V ps ͑z͒ has two contributions, one from Pb and the other one from Cu͑111͒. For Cu͑111͒ we construct 1D pseudopotential using the model potential proposed by Chulkov et al. 35 This model potential mimics the atomic structure of Cu͑111͒ in the z direction, and it has been adjusted to correctly reproduce the experimental work function of Cu͑111͒ of 4.94 eV, as well as the projected bulk band structure and the surface state at the ⌫ point. 35 The free-electron-like character of electronic states at the Fermi level in lead 11, 36 justifies the use of a stabilized jellium or the averaged pseudopotential 37, 38 approach allowing us to simulate any Pb slab thickness. Then, the Pb slabs are described by the Pb density parameter, r s = 2.30 a.u., and a constant shift, V stab = −1.8 eV, relative to the vacuum level, restricted to the region of the positive background charge and employed to stabilize the electron gas at the corresponding density. The stabilized jellium model used for description of the Pb films provides a proper work function so that the electron charge density spilling into vacuum is well described. Moreover, since the energy of the bottom of the valence electron band in bulk Pb is well reproduced, we obtain the correct Fermi wavelength F and guarantee the proper description of the electron confinement and related properties.
The projected electronic structure of bulk Pb onto the ͑111͒ surface Brillouin zone contains a band gap between s and p electronic states that arises due to scalar relativistic effects. 11, 36, [39] [40] [41] The gap located between −8 and −4 eV with respect to the Fermi level is not taken into account in our model. Therefore, the results reported here for the QWSs falling into the corresponding energy range should be compared to the experimental data with caution. Nevertheless, we believe that the presentation of the results should not be limited to the states with energies well above the L gap of Pb. The discussion of all the confined states resulting from the jellium model for the overlayer is useful in the general context of the metal-overlayer/metal system. Proceeding as described in Ref. 14, we finally obtain the 1D effective or screened potential for the entire system. With this potential, Kohn-Sham equations are solved in the z direction by discretization in a regular 1D mesh and using the Rayleigh quotient multigrid method. 42, 43 In practice, our computational system is a Cu͑111͒ slab of finite thickness, comprising 15-25 Cu͑111͒ layers covered on both sides by the Pb overlayers. The symmetry and the finite size of the system in the DFT study lead to the symmetric effective potential V eff and a discrete energy eigenvalue spectrum corresponding to the symmetric and antisymmetric states.
B. Inelastic contribution: Many-body GW method
The QWSs appear at the energies inside the projected band gap of Cu͑111͒ or below the Cu͑111͒ valence sp band. These states are stationary within the one-electron picture and correspond to an electron trapped in the quantum well formed by Pb overlayer. The QWSs decay via inelastic electron-electron scattering processes which can be described by many-body techniques. Below, we give a brief description of the many-body method, which we employ to calculate the inelastic electron-electron contribution to the lifetime broadening of occupied ͑holes͒ and unoccupied ͑excited electrons͒ QWSs. This formalism was used previously, for example, for the study of the quasiparticle dynamics on metal surfaces. 23, 24, 44, 45 The inelastic linewidth, ⌫ e-e ͑or inverse lifetime, e-e −1 ͒, of an electron or hole in the initial state ⌿ with energy E is given by the projection of the imaginary part of the self-energy, ⌺, onto this initial state, ⌫ e-e = e-e −1 = − 2 ͵͵ drdrЈ⌿ ‫ء‬ ͑r͒Im ⌺͑r,rЈ;E͒⌿͑rЈ͒.
͑4͒
The self-energy is computed in the GW approximation, which represents the first term in a series expansion of ⌺ in terms of the screened Coulomb interaction W. Then, the full one-electron Green's function G is replaced by the noninteracting Green's function G 0 . For the present 1D effective potential, wave functions are in the form of Eq. ͑1͒ and the energies are expressed according to Eq. ͑2͒.
Substituting the wave functions and energies in Eq. ͑4͒ by those from Eqs. ͑1͒ and ͑2͒, the following equation for the decay rate of a quasiparticle with energy E j and momentum k ʈ ͑at the ⌫ point k ʈ =0͒ is obtained:
where the 2D Fourier transform of the imaginary part of the self-energy Im ⌺ is given by
ͯͪdqʈ.
͑6͒
The upper limit in the sum over final states "+" ͑"−"͒ stands for electrons ͑holes͒. The imaginary part of the screened interaction, Im W, satisfies the following integral equation:
Here V͑z , zЈ ; q ʈ ͒ and ͑z , zЈ ; q ʈ , E͒ are the 2D transforms of the bare Coulomb interaction and the density response function of the interacting electron system, respectively. Within the random phase approximation ͑RPA͒, ͑z , zЈ ; q ʈ , E͒ obeys the integral equation, ͑z,zЈ;q ʈ ,E͒ = 0 ͑z,zЈ;q ʈ ,E͒ + ͵͵ dz 1 dz 2 0 ͑z,z 1 ;q ʈ ,E͒ ϫV͑z 1 ,z 2 ;q ʈ ͒͑z 2 ,zЈ;q ʈ ,E͒. ͑8͒ 0 is the density response function for the noninteracting electron system. It can be calculated in terms of both eigenfunctions j ͑z͒ and eigenvalues E j of the 1D model potential. We use the expression derived by Eguiluz 46 for 0 , assuming free-electron motion ͑m j ‫ء‬ = 1 for all j͒ in the plane parallel to the surface. 47 With these effective masses, our calculations of 0 take explicitly into account all band structure effects in the direction perpendicular to the surface.
C. Elastic contribution to the decay of quantum well resonances
The QWRs appear at the energies outside the projected band gap of Cu͑111͒ and correspond to the electrons transiently localized in the Pb overlayer because of the finite reflectivity of the Pb/Cu͑111͒ interface. Along with possible many-body decay, QWRs decay via energy-conserving ͑resonant͒ one-electron transfer into the bulk continuum of Cu͑111͒. These quasistationary states ͑resonances͒ thus correspond to the Lorentzian peaks in the electronic density of states ͑DOS͒, where the energies of the resonances and their one-electron decay rates are associated with the energies E and widths ⌫ res of the peaks.
For the calculation of the energies and one-electron decay rates of the QWRs, we use the 1D WPP approach detailed elsewhere. [48] [49] [50] [51] The method consists of the direct solution of the time-dependent 1D Schrödinger equation for the wave function ͑z , t͒ of the "active" electron,
subjected to the initial conditions, 0 ϵ ͑z , t =0͒. H = − 1 2 ‫ץ͑‬ 2 / ‫ץ‬z 2 ͒ + V͑z͒ + V abs ͑z͒ is the Hamiltonian of the system. The potential V͑z͒ is constructed on the basis of the effective potential V eff ͑z͒ calculated within DFT ͑see Sec. II A͒ in such a way that it describes the Pb overlayer deposited on the semi-infinite Cu͑111͒ substrate. The spurious effects due to the quantization of the continuum states in the supercell geometry are removed. In practice, V͑z͒ = V eff ͑z͒ in the surface region containing the Pb overlayer. Starting from approximately fifth Cu atomic layer and further into the bulk, the overlayer appears completely screened. The model potential 35 describing electron interaction with Cu͑111͒ is then used for V͑z͒ with vacuum level set in such a way that the actual work function change is taken into account. V abs ͑z͒ is the absorbing potential introduced at the grid boundaries in order to suppress the artificial reflections of the wave packet and guarantee the outgoing wave boundary conditions consistent with the quest for the quasistationary states. The calculation mesh comprises N z = 8192 points with grid spacing ⌬z = 0.2 a.u. The time propagation step is ⌬t = 0.05 a.u. and the typical calculation takes 4 ϫ 10 5 time steps. From ͑z , t͒, the survival amplitude or the autocorrelation function of the initial wave packet A͑t͒ = ͗ 0 ͉ ͑t͒͘ can be derived. The real part of the time-to-energy Laplace transform of A͑t͒ gives ͑͒, the energy-resolved density of states projected onto the initial state ͑PDOS͒,
where T stands for the large but finite calculation time. The PDOS ͑͒ is then used to extract the energies and widths of the QWRs. It is noteworthy that the stationary within oneelectron picture QWSs appear in ͑͒ as sharp peaks with the widths ⌫ ϳ 1 / T. Thus, the energies of the QWSs can be extracted from the WPP approach in parallel to the DFT calculations allowing consistency checks.
The appropriate choice of the initial state 0 can strongly ease the extraction of the energies and widths of the QWRs. Indeed, the main contribution to the PDOS comes from the quantum well localized states strongly overlapping with 0 . We used the initial sharp Gaussian wave packet centered at the vacuum-overlayer interface. In this region the QWSs show similar behavior with exponential decay into the vacuum. Thus, they have similar overlap with the initial state.
An example of the calculated PDOS is shown in Fig. 1 for the case of 6 ML of Pb on Cu͑111͒. The energy range spanned in the figure corresponds to the one between the bottom of the Cu͑111͒ valence sp band and the onset of the projected band gap ͑L gap͒ of Cu͑111͒. In this energy range the quantum well localized electronic states can decay via energy-conserving electron transfer into the substrate so that QWRs are formed. These appear as Lorentzian peaks in PDOS labeled by their principal quantum number. Observe that the width of the resonance decreases as its energy approaches the bottom of the Cu͑111͒ sp band or of the projected band gap ͑L gap͒. This can be explained as the increase in the reflectivity of the Pb/Cu͑111͒ interface leading to the stabilization of the QWRs. The detailed account of the results and the discussion of the energies and decay rates of the Pb overlayer states is presented in Sec. III.
III. RESULTS AND DISCUSSION
A. Energies of the QWSs and QWRs
We start our discussion from some general considerations allowing transparent analysis of the numerical results. Assume the Pb overlayer at Cu͑111͒ with an effective width d.
Here d is not simply given by the number of the Pb MLs but effectively accounts for the scattering properties of the Pb/ vacuum and Pb/Cu͑111͒ interfaces. An example of the oneelectron potential for such a system is shown in Fig. 2͑a͒ for the case of the 6-ML-thick Pb overlayer.
For a freestanding Pb overlayer of the thickness d one expects a series of quantized states at ⌫ with energies E n Ӎ 0.5͑n / d͒ 2 as measured with respect to the bottom of the potential well. For the supported overlayer, one of the Pb/ vacuum interfaces of the freestanding film is replaced by the Pb/Cu͑111͒ interface so that different types of states are formed depending on their energy E n with respect to the projected band structure of Cu͑111͒.
͑i͒ E n is in energy resonance with propagating electronic states inside the Cu͑111͒ ͓white energy region in Fig. 2͑a͔͒ . In this case, the electron initially localized in the overlayer quantum well can be transferred into the Cu͑111͒ substrate. The corresponding overlayer state becomes quasistationary with the width given by the rate of the energy-conserving ͑resonant͒ electron transfer into the substrate ⌫ res . We refer to these states as QWRs.
͑ii͒ E n is in the projected band gap of Cu͑111͒ ͓top colored ͑blue͒ energy region in Fig. 2͑a͔͒ . The resonant electron transfer from the jellium Pb overlayer into the Cu substrate is then impossible. The overlayer localized states are stationary in a one-electron sense, and the only possible decay channel is due to the many-body interactions. These are the gap QWSs or g-QWSs.
͑iii͒ E n is below the bottom of the Cu͑111͒ sp band; the resonant electron transfer into the Cu substrate is impossible similar to the situation described in ͑ii͒. The corresponding energy range is the bottom colored region ͑green͒ in Fig.  2͑a͒ , with the difference of ͑Ϸ2 eV͒ between the average Cu͑111͒ and Pb potentials. In this work we use notation deep QWSs ͑d-QWSs͒ for the states existing in this energy region to distinguish them from the g-QWSs. In Fig. 2͑b͒ , the energies of the QWSs and QWRs are plotted for k ʈ = 0 as a function of their quantum number n for the 6 ML Pb/Cu͑111͒. The energies of the QWSs correspond to the eigenvalues of the effective 1D Hamiltonian as calculated within DFT approach. The energies of the QWRs were obtained from the positions of the peaks in PDOS as calculated with WPP ͑see Fig. 1͒ . The quantum number of the state n can be assigned through the nodal structure of the corresponding wave function inside the Pb overlayer. In Fig.  3 the electronic densities of the QWSs and QWRs are shown for the 6 ML Pb/Cu͑111͒ system. Despite different behaviors inside the metal-exponentially decaying bound state for QWSs and propagating state for QWRs-the number of nodes inside the Pb overlayer forms a continuous sequence with increasing energy of the states. This reflects the common origin of the QWSs and QWRs as the states confined in the Pb overlayer due to the reflectivity of the Pb/Cu͑111͒ interface. Thus, the energies of the states irrespective of their stationary or quasistationary character can be well described with single parabolic fit,
where d stands for the effective thickness of the overlayer and J is the number of MLs. However, it should be noted that despite common energetics there is an essential difference between QWSs and QWRs: for the former the reflectivity of the Pb/Cu barrier R = 1 and for the latter R Ͻ 1 allowing one-electron decay via tunneling into the bulk. In Fig. 4 the calculated energies of the gap QWSs ͑black dots͒ and QWRs ͑red dots, in bottom region below ϳ−1 eV͒ are shown as a function of the overlayer thickness for Pb/Cu͑111͒. Present results are compared with angleresolved photoemission experimental data 15 shown with triangles. The agreement between calculated and measured energies of the QWSs and QWRs is noteworthy. This gives a confidence in the modeling of the overlayer/substrate system. Indeed, the calculations match the experimental data even for Pb coverages as low as 3 ML, where the jellium description of Pb overlayer could be questioned. For the state with a given quantum number, the calculated energies show the 1 / J 2 dependence with Pb overlayer thickness in full agreement with Eq. ͑11͒. Experimentally, assignation of the given quantum number to an observed feature and following the change in the energy of this state are not trivial tasks.
14 Therefore, for the connection between theoretical results and an experiment the way the experimental data are analyzed is of central importance. In a number of experimental studies, appearance of the states within certain energy intervals has been addressed, as has been done in scanning tunneling spectroscopy study of the Pb overlayers on Cu͑111͒. 52 One char- acteristic feature of those experimental results was observation of QWSs at 0.65 eV above E F for an even number of MLs. In our DFT calculations, shown in Fig. 4 , we also find that for an even number of MLs, above the 6 MLs coverage, there is systematically a state with an energy close to 0.65 eV. However, it is important to realize that the quantum number n of this state changes with changing coverage.
In Fig. 4 we show "closest-energy lines" which connect the closest in energy QWSs near the Fermi level and for variable Pb overlayer thickness. In what follows, we present a simple analytical description of these closest-energy lines. It appears useful in the discussion of experimental results in that it allows an assignment of the quantum numbers for the states appearing close in energy for increasing coverage. We start from the observation that for the calculated states close to the Fermi level, which are at about 9.5 eV above the bottom of the overlayer confining potential, the quantum number n increases by approximately three units every 2 ML of Pb ͑the thickness of a Pb ML is taken a = 5.41 a.u.͒. Then, the closest-energy lines can be derived from this observation and Eq. ͑11͒ as follows:
where n 0 and d 0 are some initial quantum number and corresponding effective thickness that label the given line and J 0 corresponds to the initial number of MLs from which the closest-energy line is traced. ⌬J = J − J 0 is the change in the coverage as measured in number of MLs, n n 0 ,⌬J = n 0 + 3 2 ͑J − J 0 ͒ is an "effective" continuous quantum number of the states along the line, and d = d 0 + a͑J − J 0 ͒ is an effective thickness. This effective thickness is also expressed as d = Ja + ␦, where ␦ is the width associated to the electron charge spilling, which can be either considered as a free parameter or it can be obtained from DFT calculations and using the phase accumulation model 53 to evaluate the phase shifts for the confinement barriers, as it was done by Ogando et al. 14 Notice that ␦ varies with the energy of the state. However, a constant value of ␦ = 4.2 a.u. fits the energy of calculated states around the Fermi level.
Using the relation J − J 0 = ͑d − d 0 ͒ / a the energy can also be defined as a function of the total width d,
͑13͒
With n 0 =3,4,5 and the corresponding d 0 effective thickness this equation provides fairly good description of the closestenergy lines shown in Fig. 4 . For the thick overlayers, such that d ӷ d 0 , Eq. ͑13͒ leads to the following asymptotic expansion:
Thus, e.g., observing the photoemission peaks for thick layers one would have an impression that QWSs basically do not change their energy with increasing thickness and periodicity of 2 ML. However, this has to be taken with caution since the underlying quantum number of the QWSs does change.
B. Decay of quantum well states
We have performed GW calculations of the lifetime broadening at the ⌫ point for the QWSs in Pb overlayers of thicknesses ranging from 1 to 18 ML. Some results are shown in Table I . The calculated electron-electron inelastic decay rates of d-QWSs are in the range of 1-2 eV which places their lifetimes in the fraction of the fs range. This is an evident consequence of the deep energy position of these states so that the large phase space is available for the manybody energy relaxation process. On the other hand, depending on the overlayer thickness, the g-QWSs can a priori appear at energies close to the Fermi level.
In Fig. 5 we present the calculated many-body decay rates comes important [53] [54] [55] and it is not well described within present DFT treatment. The computed decay rates are compared with that for excited electrons and holes in a homogeneous electron gas obtained from the Quinn-Ferrell ͑QF͒ formula. 56 The QF expression describes the decay rate ⌫ QF in the high electron density limit for states with energies close to the Fermi level, E F ,
In this equation QF is the lifetime of the excited state, the energy is in eV, and the decay rate, ⌫ QF , is given in meV. We use the density parameter r s corresponding to bulk Pb, i.e., r s = 2.3 a.u. As is seen in the figure, the calculated manybody decay rate of states close to the Fermi level closely follows quadratic dependence given by Eq. ͑15͒. For the states with higher energies, from 1 up to 3 eV, a quasilinear dependence of the calculated ⌫ e-e on energy is observed signaling about deviation of the RPA linewidth from simple quadratic dependence. 57 This is further illustrated by the straight line with a slope of Ϸ52 meV eV −1 that fits the evaluated decay rate for the states between 1.3 and 3 eV and thicknesses above 6 ML. This quasilinear dependence can be attributed to the use of RPA in the description of the screening which does not give a quadratic dependence of the decay rate for relatively high energies.
For the Pb overlayers with small thickness ͑1-3 ML͒, the QWSs with energies above 1 eV have many-body decay rates well below the general trend obtained for thick overlayers. This can be understood from the relative weight of the wave function of the corresponding states in the vacuum and inside the film. For small binding energies the wave function of the state spreads more into the vacuum so that, for the thin overlayers, the probability to find an electron inside the overlayer reduces, leading to the reduction in ⌫ e-e . The absence of the data points in the energy region between 0.7 and 1 eV is consistent with the overlayer thickness dependence of the energies plotted in Fig. 4 . Note that this energy region corresponds to the change from the "nearest-energy line" with the positive slope ͑n 0 =4͒ to that with the negative one ͑n 0 =3͒.
Detailed analysis of the contribution of the different decay channels into the many-body decay rate of the g-QWSs is presented in Fig. 6 as a function of the Pb overlayer thickness. The states are along the n 0 = 5 closest-energy line as a Result has to be taken with caution because the calculated peak overlaps with the energy gap region. appears in Fig. 4 . As was discussed in Sec. III A this way of the data analysis is consistent with that often used experimentally, i.e., one traces the overlayer thickness dependence of the given property of the QWSs that appear closest in energy. Moreover, choice of this sequence of the QWSs allows us to follow the energy evolution from below to above the Fermi level.
From Fig. 6 one can conclude that even though the g-QWSs and the d-QWSs are well localized in the overlayer so that their overlap is large, the inelastic electron or hole transfer into the d-QWSs is small. This is because the d-QWSs have large binding energy at the ⌫ point so that the decay of an excited electron or hole from the g-QWS to the d-QWSs is accompanied by a large momentum transfer. This renders the process inefficient. The hole relaxation is associated with mostly intraband transitions and the bulk contribution is nearly three times smaller than the intraband one. This is similar to the results reported for the surface states. 24 As far as the excited electron is concerned, the intraband transitions are impossible from the ⌫ point. Transitions into the substrate bulk bands contribute then one half of the total decay rate. Another half of the decay rate comes from the interband scattering between QWSs. Now we discuss briefly the total e-e decay rate of the QWSs as a function of the Pb coverage. Substituting the energies of the QWSs in Pb/Cu͑111͒ system as given by Eq. ͑14͒ into the QF formula given by Eq. ͑15͒ leads to
͑16͒
This result for the inelastic e-e decay rate of the QWSs close to the Fermi level is shown by the solid line ͑labeled "analytical curve"͒ in Fig. 6 . The good agreement between the numerical data and the analytical prediction is not surprising in view of the parabolic dependence of the calculated decay rate with energy close to E F ͑see Fig. 5͒ . Finally we discuss the sensitivity of the calculated lifetimes to the choice of the effective mass. As we have stated in the section devoted to the theoretical methods, m n ‫ء‬ = 1 has been used in this study. In the experimental study in Ref. 15 , effective masses ranging from 1.1 to 1.6 were reported for occupied QWSs. In order to estimate a possible effect, we have repeated calculations ascribing effective mass of 1.6 to the occupied QWS of 18 ML system and observed a slight increase in linewidths of order of 5 -15 %. It means that presented results are rather robust to effective mass differences. In any case, we expect that corrections coming from a more elaborated modeling of the overlayer might be more important.
C. Decay of quantum well resonances
The calculated one-electron resonant decay rates ⌫ res of QWRs are shown in Fig. 7 . Results are presented as a function of the energy of the quasistationary states measured with respect to the Fermi level. For the given overlayer thickness, ⌫ res is smallest for the lowest energy states energetically close to the bottom of the substrate valence band and for the highest energy states close to the onset of the Cu͑111͒ L gap. As we have already stated in connection with Fig. 1 , this result can be explained by the high reflectivity of the substrate in the corresponding energy regions. 58 Indeed, in the quasiclassical picture an electron localized in the QWR of the Pb overlayer is moving back and forth in the quantum well hitting the Pb/vacuum and Pb/Cu interfaces. The decay rate can be then estimated from the simple expression,
where = ⌬E is the attempt ͑revival͒ frequency at which an electron is hitting the Pb/Cu interface. ⌬E is the energy difference between the levels in the electron energy range of interest and R is the reflection probability of the Pb/Cu interface. Thus, when R→1 the decay rate ⌫ res tends to zero. There is another important conclusion from Eq. ͑17͒. From the energy quantization of the QWRs we obtain that ⌬E = ͱ E / d. Then, for the fixed energy interval the resonant decay rate decreases as 1 / d with increasing thickness d of the Pb overlayer. This is fully supported by present numerical results shown in Fig. 7 . Essentially the same conclusions follow from the more refined analytical treatment of the properties of the QWRs as reported in Ref. 59 . Intuitively, the resonances become narrower, but their density increases so that in the limit of large d the continuum of Pb states is retrieved ͑see also Fig. 1͒ .
It is noteworthy that in some cases the resonant peaks in the PDOS appear very close to the Cu͑111͒ band gap so that Lorentzian resonant shape is distorted. Then, the decay rate was estimated from the low energy part of the peak. However, this result has to be taken with caution since nonLorentzian shape of the PDOS reveals nonexponential decay. In Table I these QWRs are marked explicitly.
Along with resonant one-electron transfer through the Pb/Cu interface, the QWRs can decay by many-body processes, so that their total lifetime broadening depends on both decay channels. The exact calculation of the many-body decay of the QWRs is a nontrivial task and it was not attempted in the present study. Indeed, as has been shown in Ref. 60 the ⌫ res and ⌫ e-e may not contribute to the total decay rate of the resonances at surfaces in an additive way. Consider the bulk many-body contribution. The inelastic collisions with bulk electrons are most efficient inside the substrate. But when an electron enters the Cu͑111͒, it is already lost from the point of view of the population of the Pb overlayer localized state. Thus, the resonance decay is mostly not affected by the many-body energy relaxation in the bulk. The latter process determines the population of the final states in the system, but not the decay rate of the QWRs. 60 On the other hand, the intraband transitions and interband transitions into the lower energy QWRs and QWSs should contribute to the population decay. With help of Fig. 6 , we estimate that nonbulk transitions are responsible for approximately 60% of the many-body decay of the QWRs energetically located below the Fermi level. Thus, the QF curve with r s = 2.3 a.u. ͑see Fig. 5͒ should give a reasonable upper bound for the possible many-body contribution to the lifetime broadening of the QWRs. Figure 8 is aimed at the qualitative discussion of the general trends determining the lifetimes of the QWRs. It shows the calculated many-body and one-electron decay rates of the QWSs and QWRs. The QF curve with r s = 2.3 a.u. allows extrapolation of the parabolic energy dependence of the inelastic decay rate of the QWSs into the energy region of the QWRs. As follows from the comparison between the calculated resonant decay rates and the QF estimation of the many-body decay, the latter will be the dominating decay channel for the low energy QWRs below −6 eV. For the QWRs at higher energies and near the projected band gap, the dominating decay mechanism will strongly depend on the overlayer thickness d. For thin layers, the resonant oneelectron decay should dominate. However, since the resonant decay rate decreases as 1 / d, we estimate that for the overlayers of thickness above 30 ML the inelastic many-body scattering will be the dominating decay channel of the QWRs. This appears physically sound since for the thick Pb films the QWRs merge and form Pb bulk continuum of the electronic states where only many-body decay is operative.
In the angle-resolved photoemission study of thin Pb films on Cu͑111͒ carried out by Dil et al., 15 the states below the projected band gap of Cu͑111͒ were observed along with conventional QWSs with energies inside the projected band gap of copper. In Ref. 15 these states were not associated with QWRs because their linewidths appeared comparable to that of the QWSs, i.e., without noticeable effect of the resonant charge transfer broadening. Based on the results of the present study we argue that for the thick Pb overlayers on Cu͑111͒ the QWRs appearing close to the projected band gap indeed show the linewidth comparable to that of the QWSs. It is noteworthy that the energies of the QWRs calculated with the present model for thick layers and experimental observations in Ref. 15 , compared in Fig. 4 , are in good agreement.
IV. SUMMARY AND CONCLUSIONS
We have calculated the lifetimes of QWSs and QWRs in Pb overlayers ͑up to 18 ML͒ supported on a Cu͑111͒ substrate. The system is modeled with self-consistent 1D pseudopotential obtained from the density functional theory calculations with proper account for the projected band gap structure of the Cu͑111͒ substrate and free-electron ͑jellium͒ representation of the Pb overlayer. This model has described very well the electron confinement in this system, in particular the energies of the QWSs. 13, 14 It also has given fairly good account of the experimental measurements of magic overlayer height distributions. 3 On the qualitative level the results of the present study are representative for the freeelectron-like metal overlayers on the substrates possessing the projected band gap.
For QWSs, the inelastic electron-electron contribution to the broadening has been calculated within many-body theory using the GW approximation. Our results show that d-QWSs located below −8 eV with respect to the Fermi level, i.e., below the bottom of the Cu͑111͒ sp band, have many-body decay rates larger than 1 eV. Taking into account the small energy separation, the corresponding peaks in, e.g., photoemission spectra should completely overlap rendering impossible resolution of the individual states.
The QWSs laying in the projected energy gap of Cu͑111͒ have much longer lifetimes. At small energies with respect to the Fermi level we find that the many-body decay rate approximately follows the QF parabolic dependence with energy. For the QWSs located at higher excitation energies a quasilinear dependence of the many-body decay rate with energy is found. As a general trend, we have found that the contribution of the Cu͑111͒ bulk into the many-body decay of the overlayer localized states is comparable to that of the interband and intraband transitions involving directly QWSs.
QWRs appear energetically below the projected band gap of the substrate inside the Cu͑111͒ sp band. Thus, an electron initially localized in the quantum well can escape into the substrate via energy-conserving tunneling through the Pb/ Cu͑111͒ interface. The one-electron elastic decay rates of the QWRs were calculated with WPP method for variable thickness of the overlayer revealing several general trends:
͑i͒ The one-electron decay rate of the QWRs is small whenever the reflectivity of the Pb/Cu͑111͒ interface is high, in particular close to the onset of the Cu͑111͒ projected band gap. In this energy region the QWRs can have the widths comparable to that of the QWSs.
͑ii͒ When the width d of the Pb overlayer increases, the decay rate of the QWRs decreases in overall as 1 / d. This can be understood on the basis of the simple quasiclassical arguments developed in the main text of the paper.
͑iii͒ Comparing elastic decay rate of the QWRs with their many-body decay rate estimated from the QF formula, we conclude that for the overlayers thicker than 30 ML the inelastic decay will dominate. Basically this sets the transition to the limit of the thick Pb film, where only inelastic decay will be possible.
For the connection between theoretical results and experiment the issue of the way the experimental data are analyzed appears of central importance. Since experimentally the assignation of the given quantum number is not a trivial task, one can follow the energy evolution of the states with increasing overlayer thickness focusing at the given energy intervals. For the QWSs near the Fermi level which are explored in ͑two-photon͒ photoemission and scanning tunneling spectroscopy experiments, we have derived an analytical expression for the lifetime and energy evolution with the overlayer thickness.
Some comments are in order with respect to the possible effect of the projected band gap of Pb͑111͒ overlayer. From the ab initio studies of the Pb͑111͒ films and Pb͑111͒ surface, 11, 36, 40, 41 the L gap of the overlayer should be located between −8 and −4 eV with respect to the Fermi level of the system. Outside the Pb͑111͒ L gap the parabolic dispersion is retrieved. Therefore, the main difference between the freeelectron-like representation of the Pb overlayer and the realistic case will concern the QWRs with energies falling into the Pb L-gap region. They will be pushed to the extremities of the Pb L gap so that the energies and the decay rates obtained here with free-electron model will be modified. As to the QWRs located above −3 eV, we expect that the results reported here will hold. Currently a study including the projected band gap of the Pb͑111͒ overlayer as well as the image potential states is under progress.
Finally, we believe that present study will be useful for the interpretation of experiments on dynamics of electronic states in metal-overlayer/metal systems.
